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The bound kaon approach to the strangeness in the Skyrme model is applied to exploring the
possibility of deeply bound ppK− states. We derive the equation of motion for the kaon in the
background of baryon number two Skyrmion expressed by the product ansatz. Collective coordinate
quantization is performed to extract the spin-singlet proton-proton state. The numerical solution of
the equation of motion shows that the kaon can acquire large binding energy for reasonable proton-
proton relative distances. For this deep binding, the Wess-Zumino-Witten term plays an important
role. The kaon tends to be centered between the protons.
PACS numbers: 12.38.-t, 12.39.Dc, 13.75.Jz, 14.20.Pt
The issue of K¯ nuclear bound states has received con-
siderable interest recently. One of the experimental find-
ings which triggered the boom is the report by FINUDA
collaboration [1]. In the experiment at DAΦNE, the col-
laboration observed that a strong back to back correla-
tion between Λ and proton (p) from stopped K− reaction
for nuclear targets is seen, and that the invariant mass
spectrum of Λ and p shows a peak. The collaboration ad-
vocates that the observation can be interpreted as a sig-
nal of the formation of deeply bound ppK− state, whose
binding energy and width are 115MeV and 67MeV, re-
spectively.
This experiment is motivated by the idea proposed by
Akaishi and Yamazaki (AY) [2] suggesting the existence
of deeply bound K¯ nuclei. It is based on the assumption
that the presence of the strong attraction in I = 0 K¯-
nucleon (N) channel leads to a K¯N bound state, Λ(1405)
baryon. One may then expect that when a K− is in-
jected in a nucleus it may attract surrounding p’s to
form a shrunk nucleus. The K− is bound deeply so that
K−p → piΣ absorption reaction is energetically closed,
and accordingly, it has a long life in a nucleus.
However, it has not yet been established that the peak
observed by FINUDA really corresponds to the state that
AY proposed. Magas et al. [3] claimed that the peak cor-
responds mostly to the process K−pp→ Λp followed by
final-state interactions of the produced particles with the
daughter nucleus. Even if we suppose the peak to be a
ppK− bound state, it is strange that it is much deeper
than the original AY prediction [2]: the binding energy
48MeV and the width 61MeV. The recent result of Fad-
deev calculation [4]: the binding energy 55−70MeV and
the width 95 − 110MeV are at odds with both of the
result by FINUDA and AY prediction.
In this paper, we approach to the issue of deeply bound
ppK− states in the bound kaon (BK) approach [5] to
the Skyrme model. In this approach, strange baryons
are described as the bound states of the SU(2)f soliton
(Skyrmion) and kaon. The degeneracy of the strangeness
S = ±1 states is resolved owing to the Wess-Zumino-
Witten (WZW) term; the S = −1 state is bound, while
the S = +1 state is pushed away into the continuum.
The lowest bound state has the quantum number L = 1,
T = 1/2, where L is the orbital angular momentum of
the kaon and T the combined angular momentum and
isospin, T = L+I, respectively. The parity of the L = 1,
T = 1/2 state is totally positive, which is assigned to
positive parity hyperons. A notable feature is the pres-
ence of a bound state in the negative parity state, L = 0,
T = 1/2, which lies above the L = 1, T = 1/2 state. This
state probably corresponds to Λ(1405) baryon. Whereas
the constituent quark models have difficulties to describe
Λ(1405), this approach predicts the static properties of
Λ(1405) [6] as well as octet and decouplet baryons in
good agreement with the empirical values.
Thus, the BK approach is a theory naturally describing
both of the positive-parity hyperons and the lowest nega-
tive parity state, Λ(1405), on the same ground. It is also
worth mentioning that this approach has no parameter
once we adjust Fpi and e (for their definitions, see below)
to fit the N and the ∆ masses in SU(2)f sector. There-
fore, the K¯N interaction, which is a key ingredient for
the study of K¯ nuclei, is unambiguously determined. In
these respects, it is of great significance to investigate the
issue of the exotic nuclei such as ppK−, ppnK−, pnnK−
and so on in the context of the BK approach.
For the existence of nuclear K¯ bound states, it is nec-
essary that K¯ gains sufficiently large binding energy in
nuclei. If such nuclei exist, the nuclear components re-
arrange themselves under the influence of the strong at-
traction in I = 0 K¯N . Then the nuclear part in K¯ nuclei
is excited relative to the original nuclear system. There-
fore, the energy gained by K¯ must be large enough to
compensate the energy loss of nuclear component and to
2deeply bind the total system. In this study, in order to in-
vestigate the behavior of the kaon which couples with two
protons, we derive the equation of motion for the kaon
field fluctuating around baryon number B = 2 Skyrmion.
The energy of the kaon and its dependence on the rela-
tive distance between two Skyrmions obtained from the
equation of motion will tell us whether the deeply bound
ppK− state can exist or not. If we know such a state
can be realized, we aim at clarifying its structure and
the mechanism responsible for the deep binding.
Let us begin with showing how the K− coupled to pp is
described in the BK approach to the Skyrme model. We
consider two Skyrmions fixed at positions with the rel-
ative distance, R, and assume the presence of the kaon
field fluctuating around the Skyrmions. The equation
of motion for the kaon in the background field of the
Skyrmions is then derived, from which we know the be-
havior of the K− coupled to two protons.
The action of the Skyrme model is given by
Γ =
∫
d4x
{
F 2pi
16
tr(∂µU
†∂µU)
+
1
32e2
tr
[
∂µUU
†, ∂νUU
†
]2
+ trM(U + U † − 2)
}
+ΓWZW, (1)
where U is the chiral SU(3) field built out of the eight
NG boson and M the mass matrix. ΓWZW is the WZW
anomaly action [7]. We assume the following ansatz for
U ,
U = U(1)UKU(2), (2)
where U(1) and U(2) are the fields of the Skyrmions lo-
cated at r1 = r −R/2 and r2 = r +R/2, respectively.
Their explicit expressions are as follows,
U(i) =
(
u(i) 0
0 0
)
, u(i) = eiF (ri)τ ·rˆi , (i = 1, 2), (3)
where ri = |ri|, rˆi = ri/ri, F (r) is the Skyrmion profile
function and τ the Pauli matrices. UK is the kaon field
given by
UK = e
iKˆ , Kˆ =
√
2
2
Fpi
(
0 K
K† 0
)
, K =
(
K+
K0
)
(4)
Each Skyrmion is rotated in the space of SU(2) collective
coordinate A1 or A2 as
u(1)→ A1u(1)A†1, u(2)→ A2u(2)A†2. (5)
By substituting the ansatz, Eq.(2), with the replace-
ment Eq.(5) into the action, Eq.(1), we obtain the La-
grangian for the kaon field in the presence of the back-
ground B = 2 Skyrmion. After expanding the La-
grangian up to the seceond order in K and neglecting
O(N−1c ) terms (Nc denotes the number of colors.), we
obtain
L = (∂0K)†∂0K +K†DjDjK
−1
8
K†K
{
− tr(∂jU †BB∂jUBB)
+
1
e2F 2pi
tr[∂jUBBU
†
BB, ∂iUBBU
†
BB]
2
}
+
1
e2F 2pi
{
2K†Dj [DiKtr(AjAi)]
+
1
2
(∂0K)
†∂0Ktr(∂jU
†
BB∂jUBB)
+
1
2
K†Dj [DjKtr(∂iU
†
BB∂iUBB)]
−6K†Dj([Ai, Aj ]DiK)
}
−m2KK†K
− iNc
F 2pi
[K†B0∂0K − (∂0K)†B0K], (6)
where UBB represents the product of rotating solitons,
UBB = A1u(1)A
†
1A2u(2)A
†
2. The covariant deriva-
tive Dµ is defined by DµK = ∂µK + VµK and
Vµ = [Lµ(1) + Rµ(2)]/2, Aµ = [Lµ(1) − Rµ(2)]/2,
where Lµ(1) = A1u
†(1)A†1∂µ[A1u(1)A
†
1] and Rµ(2) =
A2u(2)A
†
2∂µ[A2u
†(2)A†2]. In Eq.(6), the last term comes
from the WZW term and B0 is the time component of
the baryon number current, Bµ. Here we note that the
Lagrangian, Eq.(6), has the same form as that for B = 1
Skyrmion [5] but the background Skyrmion is expressed
by the product of B = 1 Skyrmions, instead of the single
B = 1 Skyrmion.
Our next task is to perform the collective coordinate
quantization, and project the rotation of each Skyrmion
onto the relevant spin-isospin state. This procedure is
as follows. First, we rewrite the Lagrangian, Eq.(6),
in terms of the adjoint matrix defined by Dij(A) =
tr(τiAτjA
†)/2 with A being a collective coordinate. The
matrix Dij(A) is known to be represented by the rota-
tion matrix of a rank-1 tensor. Namely, choosing the
spherical basis, {−(1− 2i)/√2, 3, (1 + 2i)/√2}, one has,
Dij(A) = D1MM ′(Ω), where D is the rotation matrix and
Ω denotes the Euler angles. On the other hand, the
wave function of the nucleon with the third component of
isospin I3 and that of spin J3 is also expressed by rotation
matrix: |NI3,J3〉 = (−1)I3+1/2D1/2−I3J3(Ω)/(2pi). Then,
the projection of the Skyrmions onto physical two nu-
cleon states is performed by sandwiching the Lagrangian,
Eq.(6), with two nucleon states and integrating the Euler
angles. Here we project the rotation onto the spin-singlet
proton-proton state. Thus we consider
LppK ≡
∫
dΩ〈Ψ|L|Ψ〉, (7)
where |Ψ〉 is the wave function corresponding to the spin-
3singlet proton-proton state given by
|Ψ〉 = 1√N (|N(1) 12 , 12N(2) 12 ,−12 〉 − |N(1) 12 ,−12 N(2) 12 , 12 〉),
(8)
with N being the normalization constant. Eq.(7) is the
Lagrangian for the kaon coupled to two protons.
Now, we derive the equation of motion for the kaon
from the Lagrangian, Eq.(7). First, we average the di-
rection of the line joining the two Skyrmions: we put
R = (R sinα cosβ,R sinα sinβ,R cosα) and integrate
the angles α and β,
L¯ppK = 1
4pi
∫ pi
0
dα
∫ 2pi
0
dβ sinαLppK . (9)
Then the background field becomes spherical, which al-
lows us to set the kaon field as
K(r, t) = k(r, t)Ylm(θ, φ) (10)
with Ylm(θ, φ) the spherical harmonics. This ansatz,
Eq.(10), is substituted into the Lagrangian, Eq.(9), and
the θ- and φ-integrations are done. Up to this step,
quite long and involved calculations are needed. After
the above procedure, the variation with respect to k(r, t)
yields
[
− f¯(r;R) d
2
dt2
− 2iλ¯(r;R) d
dt
−m2K − V¯eff(r;R,L) + Oˆ
]
k(r, t) = 0, (11)
where
Oˆ = c1(r;R) ∂
∂r
+ c2(r;R)
∂2
∂r2
. (12)
In Eqs.(11) and (12), mK = 495MeV is the kaon mass
and the coefficients, f¯(r;R), λ¯(r;R), V¯eff(r;R,L) and
ci(r;R) are written in terms of F (ri). Their explicit
forms are quite lengthy and are not particularly instruc-
tive. Therefore we do not display them here. Let us
expand the field k(r, t) in terms of its eigenmodes:
k(r, t) =
∑
n
[
kn(r)e
iωnta†n + k˜n(r)e
−iω˜ntbn
]
, (13)
where an and bn are the annihilation operators for the
strangeness S = ∓1 states, respectively. Substituting
Eq.(13) into Eq.(11), we find the eigenmodes satisfy[
f¯(r;R)ω2n −m2K − V (−)K (r;ωn, L,R) + Oˆ
]
kn(r) = 0,(14)[
f¯(r;R)ω˜2n −m2K − V (+)K (r; ω˜n, L,R) + Oˆ
]
k˜n(r) = 0 ,(15)
where
V
(∓)
K (r;ω,L,R) = V
(∓)
WZW (r;ω,R) + V¯eff(r;L,R),
V
(∓)
WZW (r;ω,R) = ∓2λ¯(r;R)ω. (16)
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FIG. 1: The energy eigenvalue, ω, of s/p-wave K− as a func-
tion of the Skyrmion-Skyrmion relative distance, R. The
crosses represent the results for the s-wave K− when the
Wess-Zumino-Witten term is switched off (for R < 1 fm the
kaon is unbound).
R (fm) ωL=0 (MeV) ωL=1 (MeV)
1.0 9 269
1.5 156 304
2.0 272 354
2.5 349 397
(367) (153)
TABLE I: Energy eigenvalue of s-wave K− (ωL=0) and that
of p-wave (ωL=1) for four cases of the relative distance of the
two Skyrmions: R =1.0, 1.5, 2.0, 2.5 fm. For comparison, the
values for B = 1 [6] are also shown in the last low.
Eqs.(14) and (15) are the equation of motions for S = −1
and S = +1 states, respectively.
We solved numerically the equation of motion, Eq.(14).
Figure.1 exhibits the obtained energy eigenvalue of K−,
ω, as a function of the Skyrmion-Skyrmion relative dis-
tance, R. We find that the lowest-lying mode is the s-
wave and that the p-wave lies above the s-wave. Note
that this order is natural but different from the case of
B = 1, where the lowest-lying mode is p-wave, as men-
tioned above. In Table I, the K− energy eigenvalues for
several cases of R are displayed. For comparison, the val-
ues for B = 1 [6] are also shown. Remarkably, the s-wave
K− is bound much deeper than that for B = 1 and it
can acquire huge binding energy, several hundred MeV.
Considering the R-dependence of the kaon’s energy in
Figure 1, let us discuss the possible distance between
two protons in the ppK− system. For smaller distance,
i.e. R <∼ 1.0 fm, the binding of the kaon is extremely
strong. In this region, however, the repulsive nucleon-
nucleon interaction dominates over the attractive inter-
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FIG. 2: s-wave K− distribution (normalized wave function
k(r) scaled with eFpi) for the relative distance of the two
Syrmions, R = 1.0, 1.5, 2.0, 2.5 and 3.0 fm. The horizon-
tal axis is the distance from the origin.
action between kaon and two protons. On the other hand,
for R >∼ 2.5 fm, the binding of the s-wave kaon becomes
looser than that bound to B = 1 Skyrmion, whose energy
is 367MeV. Hence, roughly speaking, if deeply bound
ppK− states exist, the average distance between two pro-
tons may be in the range 1.0 fm <∼ R <∼ 2.5 fm.
Next, we consider the possible structure of the ppK−
system. In Figure 2, we plot the distribution of K− in
s-wave (normalized kaon wave function k(r)) for four val-
ues of R in the range discussed above: R = 1.0, 1.5,
2.0 and 2.5 fm. At R = 1.0 fm, it can be seen that
the kaon is localized in the narrow region between the
two Skyrmions. The binding of the kaon in this case
is extremely strong (see Table I). At larger distance,
R >∼ 2.5 fm, the K− distribution has a shape similar to
those characteristic to molecular orbital states. Namely,
the kaon has large probability to stay near the positions
of the two Skyrmions. The binding of the kaon is much
weaker than the above case. At the intermediate dis-
tances, R = 1.5 ∼ 2.0 fm, the kaon stays in the region
between the two Skyrmions on average. Even for these
values of R, which are close to the average inter nucleon-
nucleon distance in normal nuclei, the binding of the kaon
is still deep: the binding energy exceeds 200MeV (see
Table I).
Finally, let us look at the role of the WZW term. It is
known that in B = 1 sector the existence of the WZW
term leads to various important results. The Skyrme
Lagrangian without the term possesses a fictitious sym-
metry that forbids some processes allowed in QCD. The
WZW term is required to break the symmetry [7]. In ad-
dition, for oddNc, the WZW term ensures that the quan-
tized Skyrmion has a half-odd spin and thus behaves as a
fermion. The effect of the WZW term goes beyond these
rules. In the BK approach, the WZW term gives an effec-
tive attractive contribution which is crucial for obtaining
the correct values of the masses of ground state hyper-
ons. In particular, without the term, the s-wave bound
state of a kaon and a Skyrmion, which corresponds to
Λ(1405), does not exist. Also in the present B = 2 case,
the role of the WZW term is revealed to be important.
In the equation of motion there exist two terms, V
(−)
WZW
and V¯eff in Eq.(16), which effectively play a role of the
potential acting on the kaon. Among them, it is V
(−)
WZW
that originates from the WZW term. In order to see the
effects of the WZW term, we switched off V
(−)
WZW . The re-
sult for the s-wave K− is shown in Figure 1 with crosses.
One observes that the WZW term additionally gives a
substantial attractive contribution to the binding of the
kaon even for relatively large R, which might be crucial
for the existence of the deeply bound ppK− state.
In summary, we have applied the Skyrme model to
a study of the ppK− system. We derive kaon’s equa-
tion of motion in the background of B = 2 Skyrmion
expressed by the product ansatz. Collective coordinate
quantization is performed to extract the relevant spin-
isospin state of the nucleons. Numerical solution of the
equation shows that the lowest-lying mode is s-wave. The
s-wave K− acquires binding energy more than 200MeV
even for the relatively large proton-proton distances and
is localized in the region between the protons. The ob-
tained results may support the suggestion for the exis-
tence of the deeply bound strange dibaryon. To draw
a more definite answer to this issue, we must solve the
radial motion of the Skyrmions and estimate the bind-
ing energy of the total system, which will be reported
elsewhere.
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